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Inferring microstructure and turbulence  
properties in rain through observations          
and simulations of signal spectra measured  
with Doppler–polarimetric radars 
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National Aviation University, Prospect Komarova 1, 03680 Kyiv, Ukraine 

Abstract. Doppler radars are able to measure important parameters of the target 
velocity. In contrast, polarimetric radars are very sensitive to features of the target 
shape and orientation relative to the radar beam direction. This chapter describes a 
novel Doppler–polarimetric approach to radar remote sensing. The combination 
of the Doppler ability and polarization diversity in the radar technology enables 
more comprehensive investigations of objects and phenomena in radar coverage. 
The discussion is adapted to the case of atmospheric remote sensing. A special 
case of cloud and precipitation observations is considered in greater detail. Mathe-
matical models of signals and spectra of Doppler–polarimetric returns are dis-
cussed. It is demonstrated (theoretically, by simulation, and by real data process-
ing) that important parameters of dynamic characteristics and microstructure of 
meteorological objects can be retrieved from Doppler–polarimetric observations. 
These results lead to new interesting and important applications like turbulence in-
tensity measurement, drop size distribution estimation, recognition of type of scat-
terers, detection of hail zones, etc. 

Keywords: microwave scattering, polarimetry, phenomenological model, atmospheric remote 
sensing, spectral differential reflectivity, turbulence intensity retrieval, Doppler radar  

1.  Introduction 

The purpose of remote sensing is to derive information about properties of the 
outlying objects under observation using special technique without coming into 
physical contact with the object. Radar meteorology uses remote-sensing tech-
niques to study physics of clouds and precipitation and to obtain meteorological 
information for different important applications such as aviation, hydrology, cli-
matology, agriculture, and weather manifestation.  

The advent of meteorological radars (initially non-coherent) was a very sig-
nificant benefit for both operational work and research in the atmosphere. Radar 
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reflectivity (Z ) measurement was the first stage of quantitative observations in ra-
dar meteorology. Rapid advances occurred when Doppler radars were introduced 
into the practice of radar meteorology. The early years of Doppler radar in mete-
orology are described by Rogers (1990). However, neither reflectivity nor Doppler 
measurements can separately solve the problem of obtaining unambiguous infor-
mation on microstructure and wind dynamics in clouds and precipitation.  

Multi-parameter techniques, which involve simultaneous application of a set 
of informative parameters and/or a set of different facilities promise new possi-
bilities. Probably, radar polarimetry provides the best and, at least, the simplest 
way to switch from single-parameter to multi-parameter measurements. It does not 
require an extra frequency contribution. The study of polarization features of non-
spherical water drops was actually started in the 1950th (Seliga et al. 1990). The 
problem of elliptically polarized electromagnetic wave scattering by non-spherical 
atmospheric particles was solved in the Rayleigh approximation, and the first ex-
perimental measurements were performed (Shupiatsky 1959). A period of rapid 
advance in radar polarimetry occurred since the mid 1970s up to mid 1980s, when 
the potential of the differential reflectivity (Zdr) was analyzed (Seliga and Bringi 
1976) and then much work was done to develop and better understand diverse me-
teorological applications of radar polarimetry. In addition to the differential re-
flectivity, other polarimetric parameters such as the linear depolarization ratio 
(Ldr), specific differential phase (Kdp), and cross correlation coefficient (ρhv) were 
introduced. Since then, the progress in weather radar polarimetry has been gradual 
but steady.  

While the first polarimetric methods were developed for non-coherent radars, 
currently we can see a growth of activity in radar polarimetry related to Doppler–
polarimetric studies. The advent of multi-polarization techniques gave a strong 
impetus to the development of quantitative operational radar measurements of 
rainfall. It has also enabled radar meteorologists to study physical processes in 
precipitation in more detail. The correct use of Doppler–polarimetric information 
could help answer many questions concerning the microstructure and dynamics of 
rain. A detailed analysis of the capabilities of multi-polarized Doppler radars for 
the remote sensing of precipitation was performed by Russchenberg (1992). There 
are two comprehensive books available to the scientific community and engineers 
on the Doppler weather radar (Doviak and Zrnić 1993) and polarimetric weather 
radar (Bringi and Chandrasecar 2001) theory and application.  

The combination of polarization diversity with Doppler measurements opens 
additional possibilities for the study of microphysics and dynamics of scatterers in 
the atmosphere, and the effect of this combination, i.e., Doppler polarimetry, 
should be significantly greater than the sum of the effects of the Doppler capabil-
ity and polarimetry applied separately. Doppler–polarimetric radars enable one to 
estimate many variables related to different properties of hydrometeors. Never-
theless, the number of variables is always limited, and the fact that the variables 
are not completely independent is even more important. However, it is obvious 
that a simple increase of the number of observables is not the best way to maxi-
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mize the efficiency of remote sensing.  
One of the first coherent radar systems developed for the study of atmospheric 

objects using different polarizations for both transmission and reception was the 
Delft Atmospheric Research Radar (DARR) designed and implemented in The 
Netherlands. It was the 9-cm Frequency Modulated Continuous Wave (FM-CW) 
Doppler radar installed on the roof of the 21-storey TU-Delft building not far from 
the Dutch sea shore (Ligthart and Nieuwkerk 1980). The next Doppler–polarimet-
ric product of the TU-Delft was the Transportable Atmospheric RAdar (TARA; 
Yanovsky et al. 1997; Heijnen at al. 2000). Both DARR and TARA were designed 
as fully polarized systems in the linear orthogonal polarization basis.  

The advent of the Doppler–polarimetric technique of observation is accompa-
nied by the rapid growth in the number of measured variables. The means of data 
interpretation became better, but also much more complicated. It was necessary to 
examine the relationships between different Doppler and polarimetric parameters 
and, perhaps, to find new measurands characteristic of and suitable for Doppler 
polarimetry. This was described in Yanovsky (1998a), where new measurands 
such as the spectral differential reflectivity sZdr (v) and the spectral linear depo-
larization ratio sLdr (v), which are functions of the Doppler velocity (or fre-
quency), were introduced and studied, as well as other parameters such as the 
slope of sZdr (SLP) and differential Doppler velocity (DDV). The DDV was pro-
posed and studied by Wilson et al. (1997) as a parameter for the drop size distri-
bution retrieval. The idea of differential reflectivity and differential phase repre-
sentation as a Doppler distribution was suggested earlier in Kezys et al. (1993), 
although not much analysis was done there. Using spectral analysis, the polarimet-
ric parameters can be expressed as functions of Doppler frequency or radial ve-
locity. This approach has been used for different applications (e.g., Yanovsky and 
Ligthart 2000; Unal et al. 2001; Yanovsky et al. 2005; Bachmann and Zrnić 2006; 
Wang et al. 2008).  

Different meteorological dual-polarization Doppler radars (research-level and 
operational) have been developed in Great Britain, France, Germany, The Neth-
erlands, and the USA for different frequency bands (S, C, X). For example, 
SELEX-Gematronik manufactures dual-polarization Doppler radars METEOR 
635C and METEOR 1600C. The KOUN radar in the USA, operated by the Na-
tional Severe Storms Laboratory (NSSL), is a research prototype of the dual-po-
larization WSR-88D, and the US network of WSR-88D is being upgraded (Zrnić 
and Boren 2008). Taking into account that a massive introduction of Doppler–
polarimetric meteorological radars into operational practice is expected soon, it is 
very important to develop new efficient approaches and algorithms of signal proc-
essing and data interpretation; the existing research-level radars are an important 
tool for that. It is appropriate to remind the reader that among the numerous other 
experimental results obtained with the DARR in the 1990s, an unexpected one 
was obtained during Doppler–polarimetric measurements of overcast rain. It con-
cerned a significant correlation between Ldr and the Doppler spectrum width ob-
served sometimes (Russchenberg 1994). This result was preliminarily interpreted 
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as being caused by turbulence, but definitely required a more rigorous investiga-
tion. 

Currently much effort is expended in working up different schemes to relate 
observed polarimetric signatures with various properties of scattering hydrome-
teors. The inverse scattering problem is always an incorrectly posed one from the 
mathematical point of view. The verification of solutions of such problems is dif-
ficult. So, how to solve the inverse scattering problem? One approach consists of 
modeling the scattering characteristics of various hydrometeor populations, com-
puting the expected observables, and comparing them with experimental data. Un-
fortunately, compatible in situ measurements are usually unavailable. However, it 
could be possible to derive compatible data from indirect measurements related to 
multi-parameter and multimode applications. For example, drop size distributions 
derived from Doppler spectral data obtained with vertically looking radars could 
be compared with polarimetric measurements at grazing incidence, or both Dop-
pler and polarimetric information could be extracted from the signal received at 
elevation angles between 0° and 90°, and so on. 

The problem of data interpretation could be simplified if reliable and physi-
cally transparent models of the relationships between Doppler–polarimetric ob-
servables and measured properties of the object were available. Several specific 
models have been developed and described in the literature. For example, a model 
for the simulation of radar scattering from precipitation is presented in Kwiat-
kowski et al. (1995). This model takes into account polarization features caused by 
nonspherical shapes and canting of drops and provides the rms scattering matrix 
for an ensemble of canting drops with a prescribed two-parameter canting-angle 
distribution. The model of the effect of turbulence on the radar signal coming from 
clouds and precipitation (Yanovsky 1996) takes into account the behavior of iner-
tial droplets under the action of turbulence. One can find several important partial 
models in Russchenberg (1992). However those models use integrated parameters 
of the drop size distribution as initial data and cannot relate everything simultane-
ously: the turbulence parameters, drop size distribution, shape and spatial orienta-
tion of drops on the one hand, and the Doppler spectrum and polarization observ-
ables on the other. A successful attempt to construct a general Doppler–polarimet-
ric spectrum model was made in Yanovsky (1998b), and subsequently this phe-
nomenological model was widely discussed (Yanovsky 2002) and used for turbu-
lence estimation (Yanovsky et al. 2005). 

The purpose of this chapter is to describe the concept and the most important 
details of the complex mathematical model of Doppler–polarimetric returns from 
precipitation, taking into account the microstructure and dynamic characteristics 
of the object under observation and the mode of sounding by the polarimetric ra-
dar with given performance specifications, as well as to demonstrate (theoreti-
cally, by simulation, and by real data analyses) that important parameters of tur-
bulence and microstructure of meteorological objects can be retrieved from Dop-
pler–polarimetric observations. 
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2.  Doppler–polarimetric approach 

2.1.  Doppler approach 

A Doppler radar is able to measure important parameters of the target veloc-
ity. Let us consider a droplet as the target. The radial velocity of the droplet rela-
tive to the radar depends on a number of factors. The droplet is falling down with 
the vertical rate of fall ,gV  which contributes a radial component .grV  The influ-
ence of the wind and turbulence )(tVw  causes a radial component ).(tVwr  In the 
case of a moving carrier (with a speed )cV  of the radar, there is an unwanted con-
tribution to the radial velocity crV  which may change in time with changing angle 

)(tα  between the direction of movement and the antenna beam axis. In the case of 
a ground-based radar, the crV  component is absent. In reality, the situation is 
much more complicated. Due to a number of moving scatterers in the radar resolu-
tion volume, the reflected signal contains the entire spectrum of Doppler frequen-
cies forming the Doppler spectrum. The Doppler spectrum (*)S  is the power 
spectrum of a complex signal expressed as a function of the Doppler frequency 

)( fS  or velocity ).(vS  The spectrum )(vS  is interpreted as the reflectivity-
weighted distribution of radial velocities of scatterers in the resolution volume. 
Thus, dvvS )(  is equal to the received power in the velocity interval .dv  Based on 
this definition, )(vS  should be normalized according to  

 .)( RxPdvvS =∫
∞

∞−

 (1) 

Here, RxP  is the mean received power which can be calculated from the radar 
equation:  

 ,|| 2
2 KZ

R
CP PS

Rx =  (2) 

where PSC  is the dimension factor depending on the performance specifications 
of the radar, R  is the distance between the radar and the object observed (i.e., the 
resolution volume), and Z  is the radar reflectivity factor. The latter is a parameter 
of the object; in the case of a rain, it can be computed by summing up the sixth 
powers of the diameters of all the drops contained in a unit volume. Assuming that 
the drop size distribution )(DN  is a continuous function of the drop size ,D  the 
reflectivity factor can be written as follows: 

 .)(
0

6∫
∞

= dDDNDZ  (3) 

The reflectivity factor is related to the reflectivity η  (i.e., the specific radar cross 
section of a volume-distributed target) via the wavelength λ  according to  
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Here, 2|| K  is the dielectric factor depending on the complex refractive index of 
the target (≈0.93 for water and ≈0.19 for ice). The reflectivity η  is defined as  

 ,∑=
i

ii Nση  (5) 

where iN  is the number of hydrometeors per unit volume with a radar cross sec-
tion (RCS) ,iσ  and the summation is performed over all the hydrometeors in the 
unit volume. In accordance with the definition given above, the Doppler spectrum 

)(vS  can be modeled as being proportional to the following integral: 

 .)()()()(
max

min

∫∝
D

D

r dDDNDDvpvS σ  (6) 

Here, )( Dvpr  is the probability density function (PDF) of the radial velocity of a 
scatterer of size ,D  )(Dσ  is the RCS of this scatterer, and )(DN  is the drop size 
distribution; the integration extends from the smallest, ,minD  to the largest, ,maxD  
scatterer sizes, e.g., drops in the case of a rain. 

On the other hand, the Doppler spectrum estimate )(ˆ vSv  can be obtained by 
taking a Fourier transform over the received signal reflected from the object. 
Three parameters of the Doppler spectrum are most important in the Doppler ap-
proach: 

                    ZdvvS =∫
∞

∞−

)(  – the radar reflectivity factor, (7) 

                    vdvvSv
Z

=∫
∞

∞−

)(1  – the mean Doppler velocity, (8) 

                    22 )()(1
vdvvSvv

Z
σ=−∫

∞

∞−

 – the Doppler velocity variance. (9) 

The parameters (7), (8), and (9) determined via processing of the reflected 
signal are widely used in the practice of meteorological observations with Doppler 
radars (Doviak and Zrnić 1993). For correct data interpretation, certain problems 
of the Doppler approach must be addressed or at least accounted for, such as: the 
ambiguity of velocity measurements owing to a modulated sounding waveform; 
spectrum broadening owing to the limited beam width; the influence of the sound-
ing waveform and antenna pattern; the influence of wind; the inertia of scatterers 
when measuring turbulence; and the effect of the carrier velocity. This technique 
is not sensitive to the shape of scatterers. 
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2.2.  Polarimetric approach 

If a radar enables one to control the polarization of the transmitted waveform 
and to measure the polarization of the received signal, we can speak of a po-
larimetric approach to remote sensing. Polarimetric radars are very sensitive to 
features of the target shape and non-symmetric target orientations with respect to 
the radar beam.  

When an arbitrary linearly polarized wave is incident on a target, the back-
scattered field is given by  
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where the superscripts i and s denote the incident and scattered fields, respec-
tively, the quantities mns  are, in general, complex, the subscripts m, n = H, V rep-
resent any combination of orthogonal polarizations for transmission and reception, 
and [S] is the amplitude scattering matrix. The backscattered RCS matrix ][σ  is 
related to the scattering matrix components via the following relation: 
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It thus follows that once the scattering matrix is specified, the target backscattered 
RCS matrix can be computed for any combination of transmitted and received po-
larizations. 

In atmospheric measurements, the temporal behavior of an element of the 
scattering matrix can be described as a random process. Radar meteorologists of-
ten use various second-order moments grouped into a three-by-three covariance 
matrix (Doviak and Zrnić 1993): 
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The elements of the covariance matrix (12) are the correlation and cross-correla-
tion functions ,HHR ,HVR  and VVR  of the random processes ,HHs ,HVs  and .VVs  

With regard to rain, a polarization radar can sense the shape of raindrops. 
Since small droplets are almost spherical while the bigger drops are more oblate, 
the differential reflectivity defined as  

 )|||)|(log10)(log10)(log10 22
VVHHVVHHVVHH ssZZZdr === σσ  (13) 

is a measure of the mean shape of raindrops in the resolution volume.  
Certain types of hydrometeors deviate from a sphere even more than large wa-

ter drops, for example, ice crystals, hailstones, and snowflakes. Many other po-
larimetric observables sensitive to the shape and orientation of scatterers are 
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widely used in atmospheric radar research (Bringi and Chandrasekar 2001). 
Among them are the following: 
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where )()()( RRR VHDP φφφ −=  is the phase difference between the horizontally- 
and vertically-polarized pulses at a given point R  in the propagation path. 

The benefits of the polarimetric technique are the following: (i) polarimetry 
normally deals with relative quantities, which allows one to bypass difficult abso-
lute measurements; (ii) polarimetry leads to multi-parametric systems; (iii) po-
larimetric parameters are very sensitive to the shape and orientation of scatterers; 
and (iv) the scattering matrix actually provides a “signature” of a target, and so 
polarimetric parameters can be used for target recognition.  

The practical implementation of the polarimetric approach requires dealing 
with the following problems: (i) the antenna design must ensure the identity of an-
tenna patterns for different polarizations, a reliable isolation between the co-polar 
and cross-polar components, and a controllable-polarization capability; and (ii) 
one needs to develop complicated signal processing algorithms. In addition, the 
polarimetric approach provides no information about the target velocity. More-
over, the scattering matrix elements must be measured simultaneously. In practice, 
the measurements of the co-polar elements of the scattering matrices HHs  and VVs  
are separated by a finite time interval Δt, which must be smaller than the decorre-
lation time of the signal reflected from the hydrometeors. A procedure correcting 
for the non-simultaneity of HH and VV polarimetric measurements was proposed 
by Unal and Moisseev (2004).  

 
2.3.  Doppler polarimetry 

A combination of the spectral analysis and polarization diversity in radar tech-
nology enables a more comprehensive characterization of objects and phenomena. 
According to Kozlov et al. (2002), the Doppler polarimetry is a methodology for 
the determination of both the Doppler velocity (radial component) and the polari-
zation signature of a moving scatterer. When the scatterer is moving, the phase of 
the received scattered signal is determined by the polarization-dependent proper-
ties of the scatterer and its radial velocity. However this definition is too general to 
be useful.  

More specifically, by combining the Doppler and polarimetric information, 
one attempts to measure and interpret different polarimetric parameters per a 
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Doppler velocity bin (Yanovsky et al. 2001). Let us explain the transition from the 
traditional polarimetric approach to the Doppler polarimetry by considering the 
differential reflectivity Zdr  defined by Eq. (13). From Eqs. (12) and (13) it is 
seen that Zdr  can be determined from the correlation functions at zero time lag 

)0(HHR  and )0(VVR  (Unal et al. 2001): 

 ,
),0(
),0(log10)(

nR
nRnZdr

VV

HH=  (17) 

where  

 〉〈= ),(),(),0( * ntsntsnR xxxxxx  (18) 

are covariance matrix elements. In Eqs. (17) and (18), the integer n represents the 
range bin considered, t is time, the subscript xx stands for HH or VV, and the an-
gular brackets indicate averaging over time. 

The covariance matrix elements (18) and the differential reflectivity (17) de-
rived from two of these elements represent the average polarimetric properties of 
the range bin considered. In this case, the differential reflectivity describes an av-
erage particle shape. The value 0 dB indicates, for example, the predominantly 
spherical shape HHR( = ).VVR  One can attempt to retrieve more specific informa-
tion about polarimetric properties of the scatterers inside the resolution volume by 
using the spectral analysis. 

When the random processes are stationary, the second-moment spectral analy-
sis can be performed (Ryzhkov 2001). The dynamic properties of the targets are 
then also considered. Using the time series of the scattering matrices, the Fourier 
transform of the correlation and cross-correlation functions leads to the power 
spectra HH, HV, and VV as well as the cross spectra (HV, HH), (VV, HH ), and 
(VV, HV ). They represent the elements of the spectral covariance matrix which is 
then defined for different ranges and Doppler frequencies. This results in a com-
plete target description combining polarimetric and dynamic properties of the ra-
dar target. We call this description the “radar Doppler polarimetry”; the spectral 
covariance matrix is a Doppler–polarimetric result (Unal et al. 2001). Unlike Eq. 
(12), the target spectral covariance matrix can be defined for each range bin and 
each Doppler bin l. It can be expressed as follows (Unal and Moisseev 2004): 
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Here, the caret indicates that the matrix or parameter is expressed in the frequency 
domain, meaning that )(ˆ Dx ls ω  is defined as a discrete time Fourier transform of 

),( mx nTs  where mmT  is the time lag during the correlation function determina-



510 F. YANOVSKY 

tion, n  is the sample size, Dω  is the Doppler frequency resolution, and k is the 
number of averages of the Doppler spectra. 

Using this approach, all polarimetric parameters (13)− (16) can be expressed 
as functions of the Doppler velocity or frequency, that is, for each velocity bin the 
spectral differential reflectivity sZdr (v) and other useful measurands (functions 
and parameters) can be introduced. 

 
3.  Theory and models for rain 

In this section, we consider a complex phenomenological model which yields 
polarization properties of the radar signal coming from raindrops as functions of 
their radial velocity. The main objective is to relate Doppler–polarimetric observ-
ables with weather object parameters for further data interpretation. This is im-
portant for meteorological target detection and recognition, but also is useful in 
cases when meteorological objects are in the state of clutter. 

 
3.1.  Phenomenological model 

Hereinafter, our phenomenological model is understood as a mathematical 
model describing a body of knowledge of phenomena and processes under study 
(objects) and taking into account the results of empirical observations of certain 
objects as well as interrelations between different elements of these objects. This 
complex model may not follow entirely from the fundamental theory, but is con-
sistent with the theory and can involve other theoretical and empirical models as 
its components. Our phenomenological model considers interrelations between the 
various elements of an object as well as modes of their existence. Therefore, it en-
ables one to investigate certain features of a phenomenon or an object in a wide 
range of conditions, which is often impossible to do via natural experiments, espe-
cially if the parameters and the structure of the object in question cannot be con-
trolled. 

 
3.2.  Concept of modeling 

We assume that the radar resolution volume is filled with particles which may 
differ in size, concentration, shape, orientation, velocity, and permittivity. 

The concept of mathematical modeling is presented here in accordance with 
Yanovsky (2002) and Yanovsky et al. (2001). The model yields the Doppler spec-
tra Smn(v) for different combinations of polarization for transmission (second in-
dex) and reception (first index) of waves with m = x,y and n = x,y;  x and y repre-
sent the linear orthogonal polarization basis. In the special case of the horizontal–
vertical polarization basis, x = h (horizontal) and y = v (vertical), the model yields 
three Doppler–polarimetric spectra: SHH (v), SVV (v), and SHV (v). Based on these 
spectra, polarization observables such as the spectral differential reflectivity 
sZdr (v) and spectral linear depolarization ratio sLdr(v) are calculated. They are 
defined as follows: 
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 ,])()([log10)( vSvSvsZdr VVHH=  (20) 

 .])()([log10)( vSvSvsLdr VVHV=  (21) 

The model calculates three intermediate kinds of Doppler spectra. The first 
one is calculated without turbulence and is caused by gravity only; the second one 
is caused by turbulence of a given intensity but without taking into account the fall 
velocity of particles; the third one accounts for both turbulence and gravity. 

The model is initialized with: 
• parameters of the drop size distribution;  
• parameters of atmospheric turbulence;  
• radar-system parameters (wavelength, range resolution, and antenna beam 

width).  
The main source of experimental data used for model verification is the 

TARA system (Heijnen et al. 2000) which uses a linear polarization basis. There-
fore, the model is developed for the same polarization basis. However, other or-
thogonal bases can provide the same information.  

In the model, the following main stages can be identified: 
• a parameterization of the rain drop size distribution is assumed as well as 

a relationship between the raindrop size and the “stagnant air” fall veloc-
ity; 

• the velocity distribution of raindrops caused by turbulence is derived. It 
accounts for the inertia of the drops and the turbulence scale;  

• the combined velocity distribution caused by both turbulence and the ter-
minal velocity that the raindrops would have in stagnant air is derived;  

• the shape of the raindrops is taken into account for each interval of the 
drop size distribution; the water drops are modeled as spheroids;  

• the RCSs for co-polar and cross-polar radar signals are calculated as func-
tions of the equivalent drop diameter, shape, and orientation;  

• the Doppler spectrum of the radar signal scattered from an ensemble of 
particles is calculated for different polarizations using statistical distribu-
tions of particle sizes and shapes; 

• the polarization variables are calculated as functions of the Doppler veloc-
ity; and finally  

• the Doppler–polarimetric spectra and polarization variables are related to 
the parameters of turbulence and the microstructure of rain in different 
conditions. 

 
3.3.  Initial models 

Initial models should be chosen and substantiated for the object, type of radar 
and its performance specifications, mode of sounding, wavelength, coordinates 
and polarization basis, and conditions of wave propagation. 
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3.3.1.  Rain microphysics 

The microstructure of rain is described by statistical distributions of size, 
shape, fall velocity, orientation, and number concentration. 

Drop fall velocity in stagnant air. According to the Stokes law, the fall velocity of 
raindrops in stagnant air is related to their size. The relationship between the drop 
diameter D and the drop fall velocity vf is approximated in Atlas et al. (1973) as 
follows:  

 ,)3.10659()( 6.0 D
f e.Dv −×−=   109.0≥D   D(  in mm; fv  in ms− 1). (22) 

This relationship was derived from data taken at the sea level and should be cor-
rected when other altitudes are considered (Foote and Toit 1969). 

Particle shape. The shape of a falling raindrop is not exactly spherical but rather is 
flattened at the base. To describe the shape of a raindrop mathematically, it is 
modeled as a spheroid. The size of a non-spherical particle is characterized by the 
equivolumetric diameter, which is defined as the diameter of the sphere with the 
same volume as the spheroid. The shape of the spheroid is characterized by the ax-
ial ratio ,ρ  i.e., the ratio of the shortest to the longest particle dimensions. 

Theoretical calculations and measurements of the shape of raindrops have 
been performed by Shupiatsky (1959), Pruppacher and Beard (1970), Pruppacher 
and Pitter (1971), Beard and Chuang (1987), Kubesh and Beard (1993), Tokay 
and Beard (1996) and others. They reported different quantitative relationships be-
tween the degree of oblateness and the particle size. These results were combined 
by Yanovsky (1998a) into the following relationship between the axial ratio ρ  
and the equivolumetric diameter D: 

 ]5.0)27[exp(5.0)( 2 +−= DDρ   D(  in mm). (23) 

Equation (23) can be used in practice for D ≥ 0, whereas the traditional approxi-
mation by the fourth-order polynomial (Pruppacher and Klett 1997) gives realistic 
results only for D > 2.12 mm. 

Spatial particle orientation. Wind variations may force the raindrop to cant. The 
canting angle is defined as that between the axis of rotational symmetry corre-
sponding to the shortest dimension of the spheroid and the vertical direction. 
Brussaard (1976) related the canting of an individual raindrop to the vertical wind 
shear described by the altitude gradient of the horizontal wind velocity and found 
that usually this gradient is small at altitudes above 100 m and, consequently, the 
canting angle is small (< 3°). Based on this result, we assume a zero mean canting 
angle. Furthermore, we assume that turbulence causes a random distribution of 
canting angles. The relationship between turbulence and canting is not known, but 
is often assumed to result in a Gaussian distribution of canting angles ),(δp  δ  
being the mean canting angle and δσ  being the rms (Russchenberg 1992). 



 Inferring microstructure and turbulence properties in rain 513 

 

Drop size distribution. The average raindrop size distribution is often described by 
the Marshall–Palmer formula: 

 ,)( 0
DdeNDN Λ−=  (24) 

where N(D) is the number of particles with equivalent diameters between D and 
D + dD per unit volume, N0 = 8000 mm− 1 m– 3, and the factor dΛ  depends on the 
rain intensity R (in mmh – 1): 

 21,01.4 −= RdΛ  [mm– 1]  and  ,67.3 0Dd =Λ  (25) 

D0 being the diameter of the median drop volume. Although Eq. (24) is widely 
used, many experiments have shown that it is not universally applicable: it exag-
gerates the number of small drops even for the average data. To overcome this 
problem, the following gamma distribution is used: 

 .67.3exp)(
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D

DNDN μμ  (26) 

It includes the Marshall−Palmer model as a special case for .0=μ  For ,0≠μ  N0 
can be derived from the Marshall−Palmer distribution by keeping the rainwater 
content constant for a given .0D  This yields 

 .
)!3(

)67.3(59.264

0

4

0 +
+≈

+

μ
μ

μ

μ

D
N  (27) 

The normalized raindrop diameter distribution n (D), which can be used as a 
PDF function, is derived from Eq. (26) by integrating over D  from 0 to :∞  
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Figure 1 shows n (D) calculated for different μ  values and 0D = 2 mm. The 
drop size distribution plays a very important role in the development of the gen-
eral model because it affects both Doppler and polarization characteristics. 

Inertia of drops. The inertia of raindrops in a turbulent environment was estimated 
in Gorelik and Chernikov (1964). In the case of homogeneous and isotropic turbu-
lence, the correlation function of turbulent wind pulsations was considered. Then 
the correlation function of drop velocities was derived from the solution of a linear 
equation for the component of drop velocity. The comparison of these two corre-
lation functions yields the condition of obtaining an undistorted spectrum of tur-
bulent pulsations from the drop velocities (Doppler velocities), assuming that the 
interaction of the drops with the medium is defined by the Stokes law. This con-
sideration allowed Gorelik and Chernikov to derive the relaxation time T of a 
droplet with a given effective size D. The difficulty with this approach is the tran-
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Fig. 1. Normalized gamma distribution of raindrops with D0 = 2 mm and μ= 0, 1, 2, and 3. 
D is given in mm. 

Table 1. Relationship between raindrop diameter and relaxation time

D, mm 6            5            4             3            2            1            0.5         0.1

T, s 19.8 19.5 18.8 17 14 8.65 4.38 0.538
 

sition from the Euler to the Lagrange scale. The relaxation time multiplied by the 
dimension factor Vw gives the appropriate spatial scale of turbulence. In Gorelik 
and Chernikov (1964), the value Vw = 10 ms– 1 was used as a typical parameter for 
the calculations. In the phenomenological model described below, the Vw can be 
changed during the adaptation. The relationship between the raindrop diameter D 
and its relaxation time T is summarized in Table 1 taken from Gorelik and 
Chernikov (1964). 
 
3.3.2.  Turbulence 

Scales of turbulence. The instantaneous velocity of the turbulent flow can be con-
sidered to result from the superposition of three-dimensional fluctuations and the 
average air motion. The turbulent velocity components follow a normal distribu-
tion with a zero mean (Dobrolensky 1969). Turbulence has an eddy nature with a 
wide spectrum of spatial scales L: from a minimum (inner) scale innerL  up to a 
large (outer) scale outerL  which may be comparable to the scale of the airflow as a 
whole. However, in our model, only the inertial subrange (Frisch 1995) of turbu-
lence is taken into consideration. It includes all scales existing in the free atmos-
phere, from the smallest ones (several mm) up to about Louter (set to 1500 m). This 
scale range encompasses the characteristic size of the radar spatial resolution as 
well as the scales of turbulence dangerous for aircraft. 

Energy spectrum of turbulence. The turbulence energy spectrum )(ΩS  is the de-
composition of the kinetic energy of turbulence in a Fourier series over wave 
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numbers LπΩ 2=  (the spatial frequency). In the inertial subrange, where the 
conditions of homogeneity and local isotropy of turbulence are satisfied, the ana-
lytical expression for the spectrum is as follows: 

 ,)( 3532 −= ΩεΩ CS  (29) 

where C is a dimensionless constant and ε  is the eddy dissipation rate. The Ω  is 
defined as ,2|| LπΩ == Ω  where Ω  is the three-dimensional turbulence wave 
vector.  

The dimensionless constant C depends on the direction of the velocity vector 
component. The one-dimensional spectra Su, Sv, and Sw for the components u 
(along the basic flow) as well as v and w (across the basic flow) are also described 
by Eq. (29), but with different values of C. The longitudinal, Cu, and transversal, 
Cv and Cw, constants are related by Cv = Cw = .34 uC  According to experimental 
data (Vinnichenko et al. 1968), Cu approximately equals 0.50 with a 20% uncer-
tainty. Taking into account that Cu ≈ 0.327C (Vinnichenko et al. 1968), we can de-
rive Cu ≈ 0.40 − 0.60, Cv = Cw ≈ 0.53 − 0.80, and C ≈ 1.22 − 1.83. One can find dif-
ferent estimates of these constants in the literature, but they all have the same or-
der of magnitude. 

Variance of turbulence velocity. Estimating the spatial spectrum )(ΩS  ex-
perimentally is very difficult. That is why simpler statistical parameters such as 
the velocity variance 2

vσ  are often used. The velocity variance due to turbulence 
in a given range of scales can be calculated from the energy spectrum )(ΩS  
(Vinnichenko et al. 1968): 

 ,)(
max

min

2 ∫=
Ω

Ω

ΩΩσ dSv  (30) 

where ulLπΩ 2min =  and llLπΩ 2max =  correspond to the upper and lower lim-
its of the turbulence scales considered. Substituting Eq. (29) into Eq. (30), inte-
grating, and taking into account that the effect of Lll, which is much weaker than 
that of Lul, can be neglected, yields: 

 .313121
0 ulv LC εσ ≈  (31) 

In our model, the upper scale ulL  does not have to be identical to the outer 
scale of turbulence. Instead, it depends on the spatial resolution of the radar. Tur-
bulence at scales much larger than the radar resolution does not affect the velocity 
variance, but changes the observed mean velocity. 

Turbulence intensity. The kinetic energy of turbulence is passed sequentially from 
larger scales to smaller ones and then dissipates at a scale .innerLL ≈  The latter 
process is quantified by the eddy dissipation rate ,ε  which is a fundamental pa-
rameter of turbulence characterizing its intensity. It does not depend on the scale 
of turbulence within the inertial subrange, which makes ε  a convenient initial 
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Table 2. Turbulence classification based on the eddy dissipation rate

,ε  cm2s– 3  < 0.2 0.2 – 3.4 3.4 – 42.9 42.9 – 550 >550

Intensity scale negligible light moderate heavy severe 
 

 
Fig. 2. Coordinates systems. X,Y,Z − main (radar) coordinates; XA,  YA,  ZA − antenna 
coordinates; η,ζ,ξ  − particle coordinates; O – radar; ZA − antenna beam; θ − elevation; δ − 
particle canting angle; φ − polarization angle; and ξ  − the symmetry axis of a spheroid. 

modeling parameter. The classification of turbulence from the standpoint of air-
craft safety in terms of ε  is shown in Table 2 (MacCready 1964). The value of ε  
in cumulonimbus clouds can reach 1000 cm2s– 3.  

The eddy dissipation rate ε  and the spatial scale L are the only important pa-
rameters of turbulence in our model. They are used to calculate the effect of tur-
bulence on the behavior of the particles in the radar volume. 

 
3.3.3.  Coordinates 

The coordinates of the mutual locations of the radar system, the moving an-
tenna beam, and the scatterer are shown schematically in Fig. 2, in which: 

O is the point where the radar system is located;  
X, Y, and Z are the basic (radar) coordinates;  
ZA is the direction of the antenna beam;  
XA, YA, and ZA are coordinates associated with the antenna beam;  
θ  is the antenna elevation (the angle between the OZA and XOY planes);  
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η, ζ , and ξ  are the particle coordinates;  
δ  is the particle canting angle;  
φ  is the polarization angle;  
ξ  is the axis of symmetry of the spheroid representing the particle. 
 

3.4.  Modeling velocity distribution of raindrops 

3.4.1.  Distribution of the drop fall velocity 

In the absence of winds, the drop fall velocity vector is directed straight down; 
the radar only measures the projection of this vector on the line of sight. Intro-
ducing the elevation angle θ  in Eq. (22) yields  

 ,)( 6.0 D
f eDv −−= βα  (32) 

where θα sin65.9=  and .sin3.10 θβ =  
The drop fall velocity fv  is assumed to be a function of the random parameter 

,D  which obeys the known PDF as given by Eq. (28). According to Venttsel’ 
(1998), dividing Eq. (26) by the derivative || dDdvv  and substituting )( fvD  
yields the analytical expression of the drop fall velocity distribution (Yanovsky et 
al. 2001):  
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The PDF of the fall velocity can be obtained by normalization:  

 .)()()( ∫= fffffff dvvNvNvn  (34) 

The integration of Eq. (34) over fv  can be done analytically (Yanovsky 1998a), 
but the resulting expressions are rather bulky and are not given here. The values of 
Eq. (34) for 0D =1.5 and θ = 45° are shown in Fig. 3. The calculations were done 
for different values of the spread parameter of the gamma size distribution: 
μ =1, 2, 5, 7. A significant effect of μ  is obvious from these plots. The most 
probable fall velocity shifts to greater values when μ  increases; however, the 
maximum velocity remains almost the same.  
 
3.4.2.  Drop turbulent velocity distribution 

The detection of turbulence in clouds and precipitation by a Doppler radar re-
quires scatterers to respond instantly to the turbulent motion. However, scatterers 
such as raindrops may not respond perfectly due to inertia. In this section the ve-
locity distribution of raindrops due to turbulence is calculated. 

Concept of a threshold turbulence scale. To make a raindrop move, a turbulent 
eddy must have enough energy; the larger the raindrop the more energy is needed. 
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Fig. 3. Radial drop fall velocity distribution for different drop size distributions and antenna 
elevations under the condition of constant volume of water in m3 (approximately the same 
rain rate); vf  is given in ms – 1. 

 

In Yanovsky (1996), a new approach was adopted to model the interaction of tur-
bulence and raindrops with the purpose of accounting for the inertia in the simula-
tion of the reflected signal. It was based on an earlier work by Fishman and 
Yanovsky (1983). In this approach, the key is the assumption that a threshold tur-
bulent scale thresL  exists and is specific for a given mass (and size) of drops. Ac-
cording to this approach: 

• below a threshold scale, turbulent eddies do not affect raindrops of a certain 
size; this threshold scale thresL  corresponds to a raindrop size ;thresD  

• turbulence at scales larger than the threshold scale thresL  affects all rain-
drops with sizes ;thresDD <  

• turbulence at scales smaller than the threshold scale thresL  does not affect 
the raindrops with ;thresDD ≥  

• once raindrops are set into motion they act as perfect tracers of turbulence, 
i.e., the inertia does not play a role anymore. 

Thus each drop diameter thresD  corresponds to a unique value of the threshold 
spatial scale ,thresL  i.e., thresL  and thresD  are functionally related values: thresL  

).( thresDf=  

General expression. Based on this concept, the drop turbulent velocity distribution 
for drops with a diameter D can be obtained as follows:  

 ,)(),(),,(
)(

dLLwLvwDvp
ul

thres

L

DL

TTTT ∫= εε  (35) 
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where ),( εLvw
TT  is the conditional probability density of turbulence velocity 

and )(Lw  is the probability density of spatial scales for given turbulence parame-
ters. As follows from Section 3.2.2, any component of the random turbulent ve-
locity field follows the normal distribution law with zero mean and the variance 
depending on the eddy dissipation rate ε  and spatial scales L  of turbulence ac-
cording to Eq. (31):  
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Turbulence scale distribution. Since L  and ε  are functionally related random 
variables (Venttsel’ 1998), we derive the function )(Lw  from  

 ,
||

)]([)(
Ω

Ω
ddL
LSLw =   

where the PDF of the variable Ω  is defined by Eq. (29) after appropriate normali-
zation. Finally, the normalized density function )(Lw  can be written as follows 
(Yanovsky 1996): 

 .
3
2)( 3231 −−= ulLLLw  (37) 

ulL  appears as the upper limit of integration over L  and can be interpreted as the 
largest spatial scale of turbulence taken into account, the lower limit being set to 
zero. 

Analytical solution. Substitution of Eqs. (36) and (37) into Eq. (35) yields:  
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The integral in Eq. (38) can be expressed analytically in terms of the error func-
tion )(erf x  (Venttsel’ 1998). Then the equation for ])([ DLvp thresTT  is as follows 
(Yanovsky et al. 2001):  
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Fig. 4. Partial distribution for different ε  and D. Dotted curve: ε = 1 cm2s–3 and D = 1 mm; 
solid curve: ε = 1 cm2s–3 and D = 4 mm; dashed curve: ε = 100 cm2/s3 and D = 1 mm; dot-
dashed curve: ε = 100 cm2s–3 and D = 4 mm. 

Limits of integration. The lower integration limit in Eq. (35), ),(DLthres  is the 
minimal spatial scale affecting all raindrops with equivolumetric diameters .D≤  
The numerical relationship between the diameter D  and the relaxation time pre-
sented in Table 1 is used to determine ).(DLthres  It can be approximated as fol-
lows:  

 ,)1(17.21)( 527.0
w

D
thres VeDL −−=  (40) 

where Vw is a constant having the dimension of velocity (ms– 1); it relates the 
droplet relaxation time with the scale of turbulence. Note that D  and )(DLthres  in 
Eq. (40) are expressed in millimeters and meters, respectively. 

The upper integration limit ulL  follows from the maximum spatial scale of 
turbulence contributing to random motion of scatterers in the radar volume 
(Yanovsky 1998b). It can be defined as the scale of turbulence that affects indi-
vidual particles in a single resolution volume differently. Scales larger than ulL  
only influence the mean particle velocity. In fact, it is the largest characteristic 
size of a single resolution volume in radial or tangential direction: =ulL  

).,max( tanRRrad  

Calculations. Equation (39) allows one to calculate the partial distribution of tur-
bulence-induced velocity for raindrops of a given diameter D for the turbulence 
parameters ,0C  ,ulL  and .ε  Figure 4 shows the results for C0 = 1.5, Vw = 10 ms– 1, 
and Lul = 1000 m (Yanovsky et al. 2001). Two pairs of distributions can be seen. 
The pair of narrower distributions corresponds to light turbulence (ε = 1 cm2s– 3), 
while the pair of broader ones corresponds to heavy turbulence (ε = 100 cm2s– 3). 
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Fig. 5. Distribution of turbulent velocities of the drop ensemble. 

Each pair depicts the results for two drop diameters: the upper curve corresponds 
to small drops (D = 1 mm), while the lower one corresponds to large drops (D = 4 
mm). 

The integration of Eq. (39) over D yields the drop turbulent velocity distribu-
tion accounting for all the drops within the integration limits: 

 ,)(),()(
max

min

dDDNDvpvN
D

D

TTTT ∫=  (41) 

where pT (vT, D) is defined by Eq. (38) or (39); N(D) is defined by Eq. (26); Dmin 
and Dmax are the bounding drop-diameter values. Figure 5 shows NT (vT) for the 
median drop size D0 = 1.6 mm, dispersion factor μ = 1, and three values of the 
eddy dissipation rate :ε  1, 10, and 100 cm2s– 3. The results demonstrate that the 
greater the eddy dissipation rate ε  the broader the distribution caused by turbu-
lence. TTT dvvN )(  is the number of raindrops in a unit volume with turbulent ve-
locity component values between vT and vT + dvT  provided that pT (vT, D) is nor-
malized according to the following condition: 

 .1),( =∫
∞

∞−

TTT dvDvp   

 
3.4.3.  Drop velocity distribution caused by both turbulence and gravity 

The separate velocity distributions Nf (vf ) and NT (vT) due to gravity and turbu-
lence, respectively, were derived above. Expressing the total drop velocity as 
v = vf + vT and neglecting the correlation between the two components, the com-
bined PDF can be determined by convolution. However, taking into account that 
the terminal fall velocity of a drop is unambiguously related to the drop diameter 
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Fig. 6. Radial drop velocity distribution in the Marshall–Palmer case for two values of ε  
and two antenna elevations θ. 

according to Eq. (22), we can write the partial velocity distribution )( Dvp p  for a 
given drop by substituting fT vvv −=  in Eq. (39) (Yanovsky et al. 2005). In this 
case the partial distribution for a given drop diameter D written in the form of a 
conditional distribution is as follows: 

 ],)([)( DvvpDvp fTp −=  (42) 

where Tp  is given by Eq. (38) or (39). Integrating over all droplet diameters 
yields the distribution of radial velocities of the ensemble:  

 .)(})],([{)(
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∫ −=
D

D

fT dDDNDDvvpvp θΣ  (43) 

After normalization, one obtains the PDF model for Doppler velocities of the   
drops in the resolution volume:  

 .)()()( ∫
∞

∞−

= dvvpvpvp ΣΣ  (44) 

Figure 6 shows p(v) in the Marshall–Palmer case (μ = 0) for light (dashed 
curves) and heavy (solid curves) turbulence and two modes of sounding: (i) an-
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Fig. 7. Radial drop velocity distribution for different μ (D0 = 2 mm, ε = 50 cm2s–3, 
θ = 90°, Lul = 1000 m, and Vw = 3.5 ms–1). 

tenna is pointed towards zenith (θ = 90°) and (ii) the antenna elevation angle is 
20°. The rest of the parameters are fixed: D0 = 2 mm, Lul = 350 m, and Vm = 3.5 
ms– 1. It is seen that the θ = 90° curves are shifted to the right of the θ = 20° 
curves because the drop radial fall velocity is maximal when the antenna is 
pointed towards zenith. The maxima corresponding to heavy turbulence are sig-
nificantly broader than those for light turbulence. The degree of broadening due to 
turbulence is more apparent at small elevation angles (θ = 20°) than at large ele-
vation angles (θ = 90°). More positive velocities (relative to the radar) are seen in 
the case of zenith sounding, while more negative velocities occur in heavy turbu-
lence. This figure demonstrates clearly that in the case of sufficiently strong tur-
bulence, negative velocities appear in the convoluted velocity spectrum. These re-
sults will serve us as the basis for Doppler spectra calculations 

Figure 7 shows the behavior of the drop velocity distribution for different val-
ues of the dispersion factor μ of the drop size distribution. The curves become 
more symmetric when the parameter μ is increased.  

Increasing the turbulence eddy dissipation rate ε  enhances the spread of the 
velocity distribution, as shown in Fig. 8 generated for μ = 3, D0 = 1.6 mm, θ =  
30°, Lul = 1000 m, and Vw = 3.5 ms– 1. A similar effect occurs when Lul is in-
creased, e.g., by enlarging the radar resolution cell. Finally, the parameter Vw has a 
rather weak effect on the resulting drop velocity distribution. Figure 9 shows the 
radial drop velocity PDF for different values of the antenna elevation θ  while 
keeping other parameters constant (ε = 50 cm2s– 3, μ = 3, D0 = 1.6 mm, Lul = 1000 
m, and Vw = 3.5 ms– 1). In the case of near-horizontal sounding (the left-hand 
curve), turbulence mainly contributes to the drop velocity distribution; the role of 
the gravitational fall velocity becomes more pronounced when the antenna points 
closer to the zenith. 
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Fig. 8. Radial drop velocity distribution for different ε . 

 
Fig. 9. Radial drop velocity distribution for different θ. 

 
3.5.  Polarization parameter models 

The models developed in the previous section do not involve explicit assump-
tions regarding the shape of raindrops. In this section, the non-sphericity, or more 
specifically, the near-spheroidal shape of the particles is taken into account, 
thereby enabling one to model polarization parameters of the reflected signals.  
 
3.5.1.  Drop shape and orientation parameters affecting polarization 

In Section 3.2.1, the axial ratio ρ  was introduced as a function of the axes 
=1a 2a  and 3a  of a spheroid. Let us assume that the volume of the spheroid is 
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equal to that of a sphere with a diameter .D  Then 31
1 )]([5.0)( −= DDDa ρ  and 

).()( 13 DaDa ρ=  According to De Wolf et al. (1990), the depolarization factors 
321 and,, λλλ  of the spheroid  can be calculated via the following formulas:  
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Taking into account the relative permittivity of water ,rε  the shape factors of the 
spheroidal raindrop are as follows: 

 ,)]1)((1[)( 1−−+= rii DD ελΛ   .3,2,1=i  (48) 

Thus, in the framework of the accepted model, the drop shape can be calculated 
for any drop equivolumetric diameter .D   

Let us now consider the orientation parameters affecting the polarization of 
the reflected signal. The particle azimuth α  and canting δ  angles, the antenna 
elevation angle ,θ  and the polarization angle φ  can be considered parameters 
characterizing the mutual orientation of the particle and the sounding wave. Sim-
ple yet rather bulky formulas for the polarimetric orientation parameters 

,, VVHH ΦΦ  and HVΦ  for co-polar (HH, VV ) and cross-polar (HV ) signals were 
derived by Ruschenberg (1992): 
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According to De Wolf et al. (1990) and Ruschenberg (1992), the combined pa-
rameters taking into account both the shape and the orientation of a drop are as 
follows: 

 ,)},,,()]()([)({),,,( 2
131 θφαδΦΛΛΛθαδ HHHH DDDDQ −+=  (52) 

 ,)},,,()]()([)({],,,[ 2
131 θφαδΦΛΛΛθαδ VVVV DDDDQ −+=  (53) 

 .)},,,()]()({[),,,( 2
13 θφαδΦΛΛθαδ HVHV DDDQ −=  (54) 

 
3.5.2.  Radar cross section of spheroidal drops 

The models of RCS calculation for raindrops with an equivolumetric diameter 
D in the Rayleigh approximation were considered by De Wolf et al. (1990). Using 
the notation introduced in Section 3.2, the RCS of a spheroidal drop with a relative 
permittivity rε  at a wavelength λ >>D is given by  

 ,|1|
9

)( 2
4

65

xyrxy QDD −= ε
λ

π
σ   .,, vhyx =  (55) 

Here, the complex parameter  

 ),,()( θαδΦΛ xyxyxy FQ =  (56) 

is responsible for the polarization characteristics of the RCS. In Eq. (56), xyF  
represents the particle shape (parameterized with a vector of shape parameters )Λ  
according to Eqs. (56)−(58) and (45)−(47), while xyΦ  takes into account the par-
ticle orientation (parameterized by the canting angle δ  and azimuth angle α) and 
the radar elevation angle θ  according to Eqs. (49)−(51). In the special case of a 
spherical particle, 2|2|9 −+== rVVHH QQ ε  and ,0== VHHV QQ  and so =HHσ  

=VVσ 22465 |2||1| −− +− rrD εελπ  and VHHV σσ = = 0, that is, Eq. (55) is reduced 
to the well-known result of Rayleigh scattering. 
 
3.5.3.  Polarization parameters of an ensemble of drops 

In order to calculate the conventional polarization parameters of the signal re-
flected from an ensemble of drops located inside the resolution volume, the inte-
gration over all scatterers must be performed. Let us calculate the polarization pa-
rameters Zdr and Ldr assuming that )(δδp  is the PDF of the particle canting an-
gle, the particle azimuth α is a fixed, and )(DN  is the drop size distribution:  
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Fig. 10. Zdr and Ldr [dB] as functions of D0 for different antenna elevations θ. 
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An example of Zdr and Ldr calculations as functions of the median equivolu-
metric drop diameter D0 using the Gaussian )(δδp  (see Section 3.3.1) for 

δσ = 30°, μ = 0, Dmin = 0.1, Dmax = 8, δmin = 0, δmax = ,π  and different antenna ele-
vation angles θ  is given in Fig. 10. These dependencies are consistent with com-
mon sense and actual measurements. However, owing to the integration over D  
they cannot be used for modeling Doppler–polarimetric spectral functions such as 
sZdr(v). For the purpose of Doppler polarimetry, it is not sufficient to obtain the 
polarization parameters as functions of an integral drop size distribution parameter 
such as D0. The general concept of our model (Section 3.2) requires the polariza-
tion parameters as functions of the drop diameter taking into account statistical 
characteristics of particle orientations. 

 
3.5.4.  Averaging over particle orientations 

General expressions for the orientation-averaged parameters ,xyQ  =yx,  
,,VH  described by Eq. (56) are as follows: 

 ,)()(),,,(),( δαδαθαδθ δ

δ α

α ddppDQDQ xyxy ∫ ∫=  (59) 

where )(ααp  is the drop azimuth distribution and )(δδp  is the drop canting dis-
tribution. The polarization angle φ  in the initial expressions of xyQ  can be as-
sumed to be zero without loss of generality. The expressions (52)–(54) with non-
averaged values ,,,, VHyxxy =Φ  can be considered as sums of squares. There-
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fore, the average values of orientation parameters ,,,, 22
VVVVHHHH ΦΦΦΦ  and 

2
HVΦ  are needed; they were obtained analytically by Yanovsky (1998a). For ex-

ample, some simple final expressions obtained are as follows: 

 )],2exp(1[ 2
4
1

δσΦ −−≈HH    ),34( 22 282
64
3 +−= −− δδ σσΦ eeHH  (60) 

 ].1)2exp()2exp(cos3[cos 2222
4
1 +−−−+≈ δδ σσθθΦVV  (61) 

One can see from the expressions (60) that there is no dependence on the antenna 
elevation in the case of the HH polarization. Physically, this is because the plane 
of polarization rotates around the H polarization axis when the elevation angle is 
changed. 
 
3.5.5.  Polarization parameters versus equivolumetric diameter in an ensemble          

of drops 

The average shape–orientation parameters can be derived by combining the 
expressions (59) with Eqs. (52)–(54) as well as the average orientation parameters 

:2,1, =ii
xyΦ  
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Because no averaging over D is performed, it is not necessary to multiply 
QHH, QVV, and QHV by the radar cross section ).(Dxyσ  Finally, the differential ra-
dar reflectivity and linear depolarization ratio can be calculated as functions of D  
via the following formulas:  
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These expressions yield quite realistic curves of Zdr and Ldr versus D  for differ-
ent θ  and δσ  (Yanovsky 1998a). 
 
3.6.  Doppler–polarimetric characteristics 

Doppler–polarimetric spectra and Doppler–polarimetric parameters such as 
the spectral differential reflectivity introduced theoretically in Section 2 are con-
sidered here in more detail for the case of rain.  
 
3.6.1.  Polarimetric Doppler spectra 

In accordance with our main concept (Section 3.2), in the frequency domain 
the complex model provides Doppler spectra for different combinations of polari-
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Fig. 11. Generalized structure of the phenomenological model developed for the computa-
tion of Doppler spectra under different conditions. 

zations for transmitted and received waves. Figure 11 shows the general structure 
of the model, which uses as input data the parameters of the drop size distribution 
(DSD; μ  and ),0D  the antenna elevation ),(θ  the polarization mode, the pa-
rameters of turbulence ε(  and ),L  and the radar performance specifications (not 
shown). Based on the mathematical models described above, the model yields the 
drop fall velocity distribution (DFVD); drop turbulence velocity distribution 
(DTVD); and RCS for a given polarization mode, DSD, particle shape, antenna 
elevation, wavelength, etc. Finally, the requisite spectra and Doppler–polarimetric 
parameters are computed (Yanovsky 2002). 

In the case of the HV linear polarization basis, at least three functions, 
),(vSHH  ),(vSVV  and ),(vSHV  are generated for given conditions. They are the 

models of Doppler energy spectra for different combinations of polarizations of 
transmitted and received waves, i.e., the Doppler–polarimetric spectra:  

     ,)(),(),,()( 0

max

min

dDDDNDDvpvS xy

D

D

xy εθσθε∫=   .,, VHyx =  (66) 

An example of calculations for the same hypothetic rain event but for different 
polarizations is shown in Fig. 12 (left-hand panel). The upper curve corresponds to 
the HH spectrum, while the lower curve represents the VV case. In the case of a 
slant sounding of rain, the horizontal polarization provides more energy in the re-
flected signal due to predominantly horizontal orientation of the larger axes of 
spheroidal drops.  

In the absence of turbulence, the Doppler spectrum )(vS f
xy  is controlled only 

by the DFVD and is given by  

 ,)()()( dvvvNdvvS xyf
f

xy σ=  (67) 

while including turbulence yields:  
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Fig. 12. Generated Doppler spectra for horizontal and vertical polarizations (left-hand 
panel). Three sZdr (v) curves are computed for different turbulence intensities (negligible, 
light, and moderate) corresponding to eddy dissipation rates ε = 0.1, 1, and 10 mm2s–3 as 
well as for two modes of the model (right-hand panel). 

 ,)()()( ∫
∞

∞−

−= TTTT
f

xy
fT

xy vdvNvvSvS  (68) 

where xy denotes the polarization pair HH, HV, or VV, and )(vxyσ  is the RCS of 
the particle with velocity v. Since turbulence produces different wind velocities at 
different locations in the radar volume, equal-sized raindrops will not appear in 
the same velocity bin of the Doppler spectrum. This trivial aspect is important 
when Doppler spectra are calculated for different polarizations, as will be shown 
later. 
 
3.6.2.  Polarization parameters of rain as functions of the Doppler velocity 

Following the Doppler–polarimetric approach, one can construct different po-
larimetric characteristics, for example, those corresponding to Eqs. (13)−(16), but 
as functions of the Doppler velocity by using the elements of the spectral target 
covariance matrix (19) instead of the conventional covariance matrix (12). Using 
the models (66) according to the above discussion, one can calculate the radar ob-
servables (20), (21), etc. for different conditions.  

An example of calculating the spectral differential reflectivity in rain as a 
function of the Doppler velocity for different turbulence intensities ε  and fixed 
remaining parameters is shown in Fig. 12 (left-hand panel). It is seen that the 
sZdr(v) curve flattens with increasing intensity of turbulence. In the case of negli-
gible turbulence (ε = 0.1 cm2s– 3), the larger droplets are more oblate and fall 
faster than the smaller ones. If scatterers become more oblate then sZdr increases. 
This behavior changes in the case of substantial turbulence. Because of the turbu-
lence-induced random mixing, particles with different shapes and velocities are 
mixed, resulting in a flattened sZdr(v) curve.  

In theory, the spectral linear depolarization ratio sLdr(v) behaves similarly; 
however, its values in rain are rather small, typically –30 dB and even much 
smaller. Obviously, it is difficult to measure such values reliably. 
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Fig. 13. Definition of the slope of the sZdr (v) curve, SLP, as the tangent of the angle α . 

 
3.6.3.  Slope of  sZdr(v) 

Unlike the traditional Zdr parameter (13), the sZdr(v) (20) is a function (gen-
erally nonlinear) that in the case of a rain increases monotonously. To characterize 
a sZdr(v) curve, the slope of sZdr (SLP) was introduced (Yanovsky et al. 2005). 
The SLP is estimated as the slope ratio of the tangent at the inflection point, as ex-
plained in Fig. 13.  

The SLP is not the only parameter analyzed previously; another informative 
parameter is DELTA defined as the difference between the maximum and mini-
mum of the sZdr(v) curve (Yanovsky et al. 2003a). However, the SLP is more 
sensitive to turbulence intensity. 
 
3.6.4.  Differential Doppler velocity 

Another Doppler–polarimetric parameter is DDV defined as the difference 
between the mean Doppler velocities for horizontal and vertical polarizations: 

=ΔV VVHH VV −  (Yanovsky et al. 2003b). It can be calculated using modeled 
Doppler spectra according to  
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dvvSvdvvSvV
D

D

VV

D

D

HH ∫∫ −=  (69) 

The actual DDV  varies with elevation angle θ ; this pronounced dependence can 
be used to retrieve useful information by comparing measurement and model re-
sults. 
 
4.  Analysis of polarimetric parameters 

In this section we consider analysis results based on computing Doppler–po-
larimetric parameters for different conditions with the help of the phenomenologi-
cal complex model described above. 
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Fig. 14. Relationships between the Doppler-spectrum width vσ  and the sZdr (v) slope, 
SLP, and the intensity of turbulence in rain defined by the eddy dissipation rate ε . 

4.1.  Relation of SLP and slope of sZdr(v) to turbulence intensity 

In the practice of radar meteorology, the main parameter traditionally used to 
retrieve information on turbulence intensity characterized by the eddy dissipation 
rate ε  is the Doppler spectrum width vσ  (Doviak and Zrnić 1993). Figure 14 
shows the relationship between )(εσ v  and )(εSLP  computed on the basis of 
mathematical models and the computer realization of the complex phenomenol-
ogical model.  

Figure 15 confirms the strong influence of turbulence on the behavior of the 
spectral differential reflectivity (left-hand panel) and the spectral linear depolari-
zation ratio. These plots are calculated for eddy dissipation rates ε  ranging from 
0.1 up to 100 cm2s– 3, which implies a wide range of turbulence intensity from 
negligible to severe. Figure 16 shows the effect of the drop size distribution on the 
relationships between SLP and other parameters. More specifically, the left-hand 
panel depicts SPL as a function of ε  for different values of the spread parameter 
μ  of the gamma drop size distribution, while the right-hand panel shows the in-
verse value 1/SLP versus the Doppler spectrum width for the same .μ   
 
4.2.  Relation of DDV to turbulence intensity and rain microstructure 

The first study of DDV as a radar parameter for characterizing the micro-
structure of weather formation was performed by Wilson et al. (1997). Their paper 
contains a detailed analysis of the relationship between DDV and the hydrometeor 
size distributions under the assumption that turbulence does not affect the former. 

The effect of turbulence was taken into account by Yanovsky et al. (2003b). 
Figure 17 shows the relation of DDV for an antenna elevation of 45° to parameters 
of the drop size distribution for three values of turbulence intensity: ε = 0.1cm2s–3 
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Fig. 15. Spectral differential reflectivity (left-hand panel) and spectral linear depolarization 
ratio as functions of the Doppler velocity computed for different intensities of turbulence 
represented by a wide range of eddy dissipation rates ε  from 0.1 up to 100 cm2s–3. 

 

Fig. 16. Relationships between SLP and ε  (left-hand panel) and between 1/SLP and Dop-
pler spectrum width for different spread parameters μ of the gamma drop size distribution. 

(solid curve), ε = 10 (dotted curve), and ε = 100 (dashed curve). These results 
show a pronounced dependence of DDV on μ  and D0. It is seen that the solid and 
dotted curves are close to each other on both panels, which implies that light tur-
bulence does not affect the relationships significantly. However strong turbulence 
(dashed curves) is rather important.  

The direct dependence of DDV on the eddy dissipation rate is illustrated in 
Fig. 18 corresponding to θ = 30°, D0 = 1.5 mm, and μ = 5. One can see that the 
rate of change of the function DDV = )(εf  is increasing with ε  and then is al-
most constant for strong and severe turbulence. 
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Fig. 17. Dependence of DDV on the parameters of the drop size distribution (μ and D0) for 
three values of the turbulence intensity ε = 0.1 cm2s–3 (solid curve), ε = 10 (dotted curve), 
and ε = 100 (dashed curve). The antenna elevation is 45°. 

 

Fig. 18. Dependence of DDV on the eddy dissipation rate for θ = 30°, D0 = 1.5 mm, and 
μ = 5. 

Additional analyses of the DDV parameter and its relation to other radar pa-
rameters and the object features have been presented by Glushko and Yanovsky 
(2009, 2010) and Yanovsky and Glushko (2010). 
 
5.  Measurements 

The Doppler–polarimetric measurements with the radar TARA (Yanovsky et 
al. 1997; Heijnen et al. 2000) were used for the verification of the model described 
above. The combination of Doppler and polarimetric measurements is discussed in 
Unal and Moisseev (2004). Using the measured time series of scattering matrices, 
we perform the Fourier transforms (or Doppler processing) and calculate the sec-
ond moments of the resulting spectral scattering matrices, which yields polarimet-
ric spectrographs. Some results were discussed in Yanovsky et al. (2005, 2007). 
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Fig. 19. Comparison of different measures of turbulence. 

Measurements were performed with different antenna elevations, including 
vertical (zenith) sounding, but mostly in the slant sounding mode (45° and 30°). In 
this chapter we will not discuss the details of signal processing, but it is useful to 
mention that the received signal was subjected to the procedures of unfolding, 
clipping, averaging, and smoothing. Moments and other parameters of the Doppler 
spectra were estimated as well as polarimetric parameters such as sZdr(v), SLP, 
DDV, etc. The turbulence eddy dissipation rate was retrieved from the Doppler 
spectrum width using the established methodology (Doviak and Zrnić 1993) and 
making the correction for the drop fall velocity variance as described in Yanovsky 
et al. (2005).  
 
5.1.  Comparison of different parameters 

Comparison of different measures of turbulence is presented in Fig. 19. One 
can identify the maxima of all parameters, except for SLP (Slope sZdr), occurring 
at ~1140 m; these maxima are perfectly collocated with the SLP minimum.   

Space and time distributions of different Doppler–polarimetric parameters are 
shown in Fig. 20. The horizontal axis is time and the vertical axis is height, while 
the value of each parameter is shown by color according to the color bar on the 
right-hand side of the respective panel. All fields were obtained by processing the 
same raw data of light overcast rain in The Netherlands (Yanovsky et al. 2003a, 
2005). One can clearly see correlation between all these parameters. For example, 
small (blue) values of SLP (the stripe at the ~800 m altitude) correspond to large 
values of the Doppler spectrum width, the eddy dissipation rate, and the rms Dop-
pler velocity. The behavior of DDV is similar to that of SLP, but it is less sensitive  
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Fig. 20. Comparison of space– time behavior of Doppler–polarimetric parameters. 
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Fig. 21. Comparison of modeled and measured data. 

to the turbulence intensity. The measurements show that the above-mentioned cor-
relation is observed not only in the space domain but also in time. 
 
5.2.  Comparison between the model and measurements 

As an example, in Fig. 21 the model results are shown together with the proc-
essed measurements. The former are represented by triangles connected by the 
dashed curve. The solid gray curve shows the best lest-squares fit. We processed a 
~15-min measurement dataset accumulated for overcast rain. The key parameters 
of the model were chosen to maximally correspond to the parameters of the real 
event. 

Specifically, D0 = 1.023 mm is the average median drop diameter retrieved 
from the reflectivity and rain rate; Lul = 15 m is equal to the radar resolution; 
θ = 45° is equal to the antenna elevation. The remaining parameters of the model 
were derived from the best fit to the measured data.  

One can see that the model is in a rather good agreement with the meas-
urements and not too far from the best-fit curve. 

 
6.  Discussion and applications 

So far the model results and the Doppler–polarimetric measurements (reflec-
tivity, Doppler spectrum, spectral differential reflectivity, DDV, SLP) have shown 
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Fig. 22. Combination of modeling and measurements. 

consistency, thereby implying that the model can be used to estimate the micro-
physics of rain events. Several comparisons have been done for light stratiform 
rains, in which case it is necessary to consider medium or large rain intensity in 
order to verify the significant differentiation in the sZdr slope with the eddy dissi-
pation rate. For light rain rates (see Fig. 18, where D0 is ~1 mm), the sensitivity of 
the sZdr curve to the eddy dissipation rate is weak when the turbulence starts to be 
moderate (eddy dissipation rates >3 cm2s– 3). With this example of measurements, 
we cover only the interval [0, 3] ms – 1 of radial drop velocities in Fig. 15, which is 
not sufficient to obtain significantly different sZdr slopes. From 5 ms– 1, there is a 
clear differentiation of the sZdr slope when the eddy dissipation rate varies. We 
need, therefore, moderate to high rain intensities for a further verification and to 
study whether the retrieval of the eddy dissipation rate from the sZdr slope is fea-
sible. 

As follows from Fig. 21, the combination of modeling and measurements 
makes it possible to obtain much indirect information about the object of observa-
tion, specifically, on the microstructure of and turbulence in rain. The mathemati-
cal representation of the object described above and the relations between its com-
ponents and the radar sounding waveform improve our understanding and allow 
the inference of the microstructure and turbulence properties of rain by comparing 
modeled and measured data and tuning the model to bring its results in agreement 
with the object. This is illustrated in Fig. 22.  

The approach developed can be used operationally to improve the quality of 
radar meteorological information. New parameters SLP, DDV, and other po-
larimetric characteristics are independent of the Doppler spectrum width and other 
conventional parameters and, therefore, can be used together to obtain more reli-
able and comprehensive information on the microstructure and turbulence of rain 
as well as for the retrieval of the hydrometeor type. 
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7.  Conclusions   

The Doppler–polarimetric radar is a powerful tool for remote sensing of rain. 
The potential of Doppler polarimetry exceeds significantly that of the sum of the 
Doppler technique and polarimetry used separately. Doppler–polarimetric tech-
niques provide promising capabilities for data interpretation. However, the num-
ber of variables grows significantly and the mutual interrelations between them 
are rather complicated. The interpretation of Doppler–polarimetric measurements 
requires an adequate model capable of relating the Doppler–polarimetric observ-
ables to the parameters of precipitation. Such a model has been created and de-
scribed in this chapter.  

The approach presented has facilitated the selection of certain Doppler–
polarimetric parameters helping to retrieve turbulence parameters in precipitation 
as well as the microstructure of rain. The results of actual data processing using 
different approaches have demonstrated good agreement. The application of inde-
pendent turbulence-related variables can improve the reliability and accuracy of 
radar retrievals in rain.  

Measurements of weather-related objects by Doppler–polarimetric radars can 
be very useful in solving the wave propagation problem for the tasks of micro-
wave remote sensing, communications, and radar detection of targets embedded in 
intensely cluttered backgrounds. 

The continued research in this field should result in further improvements of 
models, the development of algorithms and devices for real-time measurements, 
more efficient processing, coverage of objects other than rain, optimal combina-
tion of different parameters, and adaptive methods of measurements and signal 
processing. 

Our approach to the Doppler–polarimetric modeling is promising, deserves 
further development, and may play an important role in radar remote-sensing data 
interpretation and signal processing.  
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